Abstraet--A program of simultaneous linear equations has been developed to calculate component proportions and/or component property values for mineral mixtures in soil clays and sediments. The analysis is based on quantitatively measured chemical and physical properties of samples and involves (1) qualitative idemification of the mineral components in the mixture by any appropriate means; (2) quantitative measure of the sample property values selected for use in the program; (3) estimation of the proportion of each component in the mixture by a technique such as X-ray powder diffraction; (4) assignment of limits to component property ranges; (5) selection of one of four available calculation options and application of the simultaneous linear-equations program; (6) examination of the residuals of the analysis and, if appropriate, adjustment of the initial estimates for component proportions or property ranges and then repeating step 5; and (7) verification of the final component proportions by comparison with information from step 1. Completeness and/or accuracy of the final results for component proportions may be checked by the closeness of approach to 1.0 for the sum of the component proportions. The method requires that, at minimum, the number of properties measured must equal the number of components in the samples being analyzed and that the minimum number of samples must equal the number of properties measured.
INTRODUCTION
The mineralogical composition of the clay fraction of a soil is one of the critical factors determining soil chemical and physical properties. The relation between qualitative clay-mineral composition and such soil properties as swelling potential, exchange capacity, and selective adsorption of ions is commonly discussed or implied. Precise assessments of these associations, however, are much less frequent, probably because of the difficulty in obtaining quantitative mineralogical Authorized for publication as Paper No. 5651 in the Journal Series of the Pennsylvania Agricultural Experiment Station, University Park, Pennsylvania 16802.
Copyright 9 1985 The Clay Minerals Society data for the sample under investigation. Qualitative information is commonly obtained by instrumental methods such as X-ray powder diffraction (Brindley, 1980; MacEwan, 1946) or differential thermal analysis (Barshad, 1965; MacKenzie, 1961) ; however the reliability of these methods can be severely limited when working with heterogeneous materials such as soil clay.
Attempts to obtain quantitative data have led to the development of methods that depend on the chemical and physical properties of clay (Alexiades and Jackson, 1966) . In this approach, a chemical or physical property unique to or a dominant function of a single component is used as a quantitative measure. In general, each property is interpreted in terms of a single rain-eral. The reliability of the data is generally estimated by measuring how closely the component sum approaches 100%. McNeal and Sansoterra (1964) , using methods similar to that of Alexiades and Jackson (1966) , developed a set of simultaneous equations for the determination ofmontmorillonite, vermiculite, and chlorite. Pearson (1978) used total silicate-analysis data in simultaneous equations for the quantitative clay mineral analysis of fine-grained sedimentary rocks.
A logical extension of this procedure is to account for each chemical or physical property in terms of all components present in a clay sample rather than a single component. A simultaneous linear-equations program was developed by Hussey (1972) using rigorous evaluation of the chemical and physical properties for the quantitative determination of clay components. The program is similar to the analytical method of McNeal and Sansoterra (1964) except that the Hussey technique allocates sample properties to all components and provides for a range of component properties rather than assigning a single, fixed value. Four options are available with the program for calculating: (1) the component proportions with properties fixed, (2) the component property values with proportions fixed, (3) both the proportions and the property values adjusting proportions first, or (4) the same as (3) except that property values are adjusted first. Hussey (1972) applied the program to soil clay samples within a given profile, i.e., samples with similar component properties, and found that the results were considerably improved over the initial estimates produced by the common quantitative techniques.
The objectives of the present paper are (1) to evaluate Hussey's (1972) four computation options, (2) to illustrate the use of residuals in locating possible sources of error, and (3) to show the application of the program to soil clay samples which are derived from diverse parent materials.
THEORY
In the quantitative clay analysis of Alexiades and Jackson (1966) each component in a sample is quantitatively evaluated on the basis of a single, measurable chemical or physical property. Chlorite and smectite contents, for example, are estimated from the following properties:
chlorite--from the weight loss between 300 ~ and 950~ corrected for the weight losses of other components and weight gain for iron oxidation; and smectite--from the cation-exchange capacity determined by displacement of potassium by ammonium on a sample heated to 110~ (CEC K//NH4); corrections are made for other constituents.
For the technique described below no new analytical methods have been developed. The data collected by the methods of Alexiades and Jackson or any other data that may be deemed appropriate can be used. The innovation exists in the manner of interpretation and calculation. It is assumed in the proposed technique that each component in a heterogeneous clay sample contributes to a measurable property of the sample in linear proportion to its content. The measured property of the sample is therefore the sum of the contributions of each of the sample's components as represented in the equation:
r where B represents the measured value of a property (number p) for a sample (number q), a is the value of the property p for component r contained in sample q, and X is the proportion of component r in sample q. The minimum number of properties p to be measured must equal the number of components r in sample q. An equation is thus derived for each property resulting in a set of simultaneous linear equations, which, for a three-component sample would be:
Each three-comp0nent sample would have a similar set of equations. If the property values are known for each component in a sample, then by measuring the sample properties B and substituting the values in Eq. (2) the unknowns, i.e., weight proportion of each component, can be calculated. Solutions are conveniently obtained by matrix algebra methods. Eq. (2) may be represented by the vector equation:
where:
is the sample property vector,
is the component property matrix, and X = X~J is the component Xzl proportion vector.
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When A and B are known, X may be calculated by:
in which A-~ is the inverse of A. As an example, assume a clay mixture that contains three components--kaolinite, smectite, and vermiculite--and that the three properties to be used as quantitative measures are weight loss at 300~950~ CEC K//NH4, and CEC Ca/Mg. Efforts to fulfill the requirement of assumption (1) necessitate a thorough qualitative analysis of the sampie or samples. This information is needed before a final decision is made about the chemical and physical properties to be measured. Errors in measurement of the property values will result in deviation of the component proportions from the true values. This error is relatively greate r the smaller the proportion of a component in a sample. With respect to assumption (3) there is often as much, if not more, uncertainty about the properties of the clay components in a sample than there is in the proportion contained. Characterization of the properties, a, of a specific component in a mixture such as a soil clay can be a formidable task. Either the interference of associated material must be corrected for or the specific component of interest must be isolated, without alteration of its properties, before characterization. In either case, difficulties abound leaving considerable uncertainty as to the appropriate property value to use. Complications arise because of variation in such factors as ionic substitution, crystallinity, and particle size. It would be desirable to calculate simultaneously both component property values and component proportions; this obviously is impossible for the method described above because there would be 2n unknowns and only n equations.
An approximate solution to this dilemma was described by Booth (1966) , and the calculations involved were programmed for the computer in FORTRAN by Hussey (1972) . An abbreviated description of this procedure follows. Referring to Eq. (3), if the value for X, the component proportions, were known, the component properties could be calculated:
This calculation requires that the number of samples analyzed must equal (or exceed) the number of properties in order to derive the required matrix for x. But if both A and X are unknown, how can the calculation of either commence? By the method of Booth (1966) , estimated (or approximate) values of the unknowns can be used to initiate a calculation. When estimates are used, deviations from the true values are highly probable, and the equality in Eq. (3) no longer applies. The larger the deviation of the estimates from the true values the greater will be the magnitude of the inequality or error involved in using Eq. (3). To apply the Booth method to clay analysis, the best available values are assigned to A, the component properties, and estimated values E are used for X, the component proportions. Best available values are obtained from a search of the literature or from laboratory measurements. Estimates E for 9( may be derived by any appropriate technique such as X-ray powder diffraction, differential thermal analysis, and/or the procedures of Alexiades and Jackson (1966) . The dot product A.E does not equal B, but is an estimate of it. The differences between the two is called the residual, r, where:
and is a measure of the error invoNed in using the assigned and estimated values for A and X. A residual, r, results from each sample analyzed or property measured and can be positive or negative. To arrive at a single overall measure of the error a grand residual, R 2, is calculated by summing r2:
The objective is to reduce the error, measured by R 2, to a minimum. Booth's technique derives new estimates, E, so as to decrease R 2 toward zero. These new estimates are arrived at by applying a correction to the previous estimate that is a function of the current value of r and the assigned values for A:
where En is the present estimate of the component proportion, E,+~ is the new estimate, r is the current value of the residual, A is the component property matrix, and A' is the transpose of A. New estimates serve to calculate new, reduced residuals which in turn are used to derive new estimates. This cycle or iterative process is continued until R 2 reaches a minimum. The criterion for minimization is four hundred iterations unless a minimum is attained at an earlier stage as indicated by an increase following a continuous series of reductions in RL A similar iterative process can now be applied to adjust values of component property values, with the newly adjusted component proportions remaining fixed, in an attempt to reduce R 2 further. The process of component-property adjustment has a constraint not present in the process for component proportions. Rather than permit the properties to adjust to whatever values a minimization ofR 2 would require, fixed ranges are established for each component property within which the adjustments are confined. This recognizes the fact that the specific property of a given component type may differ for samples of different origin. The difference will not assume any arbitrary value but will be within some finite range. The CEC Ca/Mg of kaolinite, for example, will not equal, e.g., 30 meq/ 100 g, but will very likely fall within the range 5-10 meq/100 g. Upper and lower limits are thus assigned to each component property. These limits are derived from a search of the literature. Information of this kind, however, is of limited availability, and for some materials personal laboratory experience must be used to arrive at reasonable values. Because in the calculating process, single values of the component properties are used, to commence calculation the midpoint of the range is assigned as the initial value. In an ideal situation, where the true component property values are known, only adjustments to proportions are necessary. Accuracy of the calculated proportions is then a function only of the sample properties.
The technique for adjusting component property values does, none the less, offer a promising opportunity. It provides a method for calculating the property or properties of a component within a mixture when the proportions and properties of the other components are known. The calculation becomes increasingly possible when more reliable data on component properties within mixtures are accumulated. The program then can alternately adjust component properties (proportions remaining fixed) and component proportions (properties remaining fixed) to attain a minimization of the total grand residual which is the sum of the grand residuals over samples or over properties. When the last value of the total grand residual does not differ by more than 3.0% from the penultimate one, minimization is assumed.
The output of the program is the finally adjusted sets of component property values and proportions. In addition, the residual for each property within each sample can be printed out and examined to determine the property within each sample contributing most to the grand residuals. This technique provides a means of isolating the input data that may be least reliable.
EXPERIMENTAL

Materials
Fifteen soils from Pennsylvania (Table 2) were selected, using available mineralogical data, to provide a wide spectrum of clay mineral types and content. The soils were treated with sodium hypochlorite to remove organic matter (Anderson, 1963) . After ultrasonic dispersion (Edwards and Bremner, 1967) , the clay fraction (<2 gm) was separated by sieving and centrifugation. Free iron oxides were removed by the citrate-bicarbonate-dithionite method (Mehra and Jackson, 1960) , and the samples were washed free of excess salts (AgNO3 test) by deionized water, ethanol and acetone and dried at 110~
lnitial estimate of the component proportions
Two methods were used to give an initial estimate of the component proportions: (1) the X-ray powder diffraction (XRD) technique of Mossman et al. (1967) , which uses an internal standard, and (2) the quantitative methods of Alexiades and Jackson (1966) . The intemal standard used was a pyrophyllite obtained from Ward's Natural Science Establishment, Rochester, New York, which was ground and ultrasonically treated in suspension to decrease the particle size to < 2 tzrn. Fifteen milligrams of the suspended clay-size pyrophyllite was mixed with 150 mg of soil clay. The mixture was mounted on a ceramic slide by suction (Rich, 1969) , and powder XRD patterns were obtained for samples after: (1) Mg-saturation and drying at room temperature, (2) Mg-saturation and glycerol treatment, (3) K-saturation and drying at room temperature, (4) K-saturation and heating to 300 ~ and 500~ and (5) boiling in 6 N HC1 and K-saturation.
The component proportions arrived at by these methods are shown in Table 3 . All values, except for quartz and noncrystalline material, were rounded to the nearest 5%.
Program constraints and sample property selection
A requirement of the simultaneous linear-equations program is that the number of samples, the number of properties, and the number of clay components used Brindley (1970) , by the amount of Ca displaced by Mg from a Ca-saturated clay (CEC Ca/Mg), and by the amount of K displaced by NH, from a K-saturated clay heated to 110~ % weight loss between 100 ~ and 300~ and between 300* and 950~ and % K20, % SiO2, and % MgO by the method of Medlin et aL (1969) . The measured values of these properties for the samples are listed in Table 4 . Feldspar was not included in the computer analysis in order to limit the number of components to eight. The values for % K20 and % SiO2 in Table 4 were corrected accordingly.
Component property ranges
An upper and lower limit for each component property was assigned based on data available in the literature or from unpublished laboratory measurements. The ranges used are given in Table 5 . The midpoint of the range was used as the initial value for the component property in the computer program.
Sample grouping
Inasmuch as eight properties were selected to be used in the computer program, the 15 samples had to be divided into groups of 8 samples each. Four groups (I-IV) were formed emphasizing either within group sim- 25  10  35  13  5  98  2  5  5  20  60  5  0  3  2  100  3  15  10  5  40  10  10  3  6  99  4  5  15  0  30  15  20  l0  5  100  5  5  10  5  15  l0  20  27  6  98  6  5  15  5  35  10  20  3  4  97  7  5  5  0  60  15  5  5  4  99  8  50  5  5  30  0  0  3  5  98  9  15  10  30  15  5  l0  7  10  102  t0  10  5  30  10  25  5  6  9  100  11  65  0  10  15  0  0  1  9  100  12  10  5  10  10  40  10  9  9  103  13  25  5  10  15  10  10  16  10  101  14  45  30  10  0  0  0  1  15  101  15  75  0  5  10  0  0  6  4  100 Kaol = kaolinite; Verm = vermiculite; Smec = smectite; Illi = illite; Ch = chlorite; Verm-ch = interstrafified vermiculite/ chlorite; Qtz = quartz; Nonc= noncrystalline. 
RESULTS AND DISCUSSION
Comparison of computational options
Four options were available for the computational analysis of the data. In options 1 and 2, component proportions and component properties are calculated, respectively, with the other parameter remaining fixed at a single preassigned value. Options 3 and 4 adjust both the component proportions and properties in an alternate stepwise manner. In the first step, one parameter remains fixed while the other is adjusted to minimize the residuals. The parameter roles are reversed in the second step, with the new values of the parameter adjusted in step one being the fixed value in step two. The alternate adjustment of the two parameters is continued until the total grand residual (~ R 2) reaches a minimum, which is defined as the point where the last value of the total grand residual does not differ by more than 3% from the penultimate value. The two options differ in that option 3 adjusts component proportions, whereas option 4 adjusts component properties in the first step.
The minimization of the total grand residual for the four options is shown in Figure 1 for sample Group I. Comparable results were found for sample Group II. With options 1 and 2 the total grand residual attained a minimum after only 2 to 4 adjustments. This was to be expected because the initial values for component proportions and properties were not true values and the fixed parameter limited the minimization. The ex- ceptionally high residual for option 2 was a consequence of an additional limitation. The property value adjustments were confined to a preassigned range whereas no restriction was imposed on the adjustment of component proportions in option 1. If the true value for one of the parameters were known, an exact solution of the simultaneous linear equations would be possible using options 1 or 2. With the available data, these options were not applicable.
When both parameters were adjusted, option 3 or 4, the total grand residual was decreased to a much lower value than was obtained with option 1 or 2 (Figure 1 ). The basis used for choosing between option 3 or 4 was the consistency of the program output with the experimental data available. It can be seen (Figure 2 ) that the largest change of a parameter occurred in the first adjustment. With option 3, which adjusts component proportions first, no restriction on the magnitude of the adjustment other than the reduction of the grand residual (R 2) were apparent. Thus, in some samples, a final value for a clay type proportion resulted that was inconsistent with the experimental data. Option 4, which adjusts component properties in the first step, led to no apparent contradictions, probably a consequence of the additional restriction within option 4 where property value adjustments were confirmed to a preassigned range. For this reason option 4 was preferred.
Sources of residual
The objective of the computer program was to reduce the total grand residual to a minimum. Reduction of the total grand residual value for soil clay samples to zero was not possible, mainly because of: (1) the experimental error in determining sample properties, and (2) the diversity of the properties for a given component from sample to sample. The value of the minimized total grand residual was affected by the magnitude of these two factors. From experience, the reasonable value for a minimum total grand residual is below five for a comparable group of samples.
Use of residual values to locate sources of experimental error
One of the outputs of the computer program was a table in which the squared residual (r 2) for each property within each sample is printed out. By use of this table possible major sources of experimental error that led to a relatively large total grand residual (greater than five) could be isolated. During the initial run of the program, the total grand residual for sample Group II was relatively high, 9.97 (Table 6 ). Percent weight loss from 110 ~ to 300~ for sample 15 was the major contributor. On review of the experimental data it was found that this sample had the highest percentage of weight loss (It0 ~ to 300~ among the 15 samples (4.03%) and the lowest SiO2:A1203 molar ratio (0.4) for material dissolved by 0.5 N NaOH. These data suggested the possibility ofgibbsite in this sample. The X-ray powder diffraction pattern was re-examined and a diffraction peak at 4.83 ]k, which disappeared on heating the sample to 300~ was noted. Because of the dehydroxylation of the gibbsite, the observed weightloss value from 110 ~ to 300~ could not be accounted for by the eight components used. After correcting for the estimated gibbsite content, the contribution to the residual of this property for sample 15 and the total grand residual were reduced (Table 6 ). The weight loss from 110 ~ to 300~ over all samples, however, was still the major contributor (77%) to the total grand residual ( Table 6 ), suggesting that the ranges assigned to this The small r 2 values for properties other than 110~300~ weight loss are not included. 2 R 2 = X rZ; the summation is over properties or over samples. 3 The total grand residuals (X R2). property for the clay components are more questionable than those for the other properties.
Effects of sample diversity
Inasmuch as sample 8 was made common to all four sample groups, it was used as a reference for the effect of sample diversity. The component proportions for sample 8 and the total grand residual differed when the associated samples were changed (Table 7) . If the analytical errors are considered to be similar for all the samples, the magnitude of the total grand residual likely represented the degree of sample diversity in a given group. This diversity is consistent with the smaller total grand residuals for Groups I and II, where an attempt was made to increase compositional uniformity, than for Groups III and IV (Table 7) . The results for other groups also showed that the total grand residual was < 1.0 for samples from the same profile and > 50 for a group with highly diverse composition. Thus, if a low residual is associated with more reliable values, samples which are similar in composition will yield more dependable component proportions from this type of computation.
Adjusted component properties and proportions
The final adjusted properties for Group I are given in Table 8 (the values for Group II are very similar). Most adjusted property values reached a limit of the assigned property range because, in option 4, component properties were adjusted first. Inasmuch as the magnitude of this adjustment was the largest of the series, it more readily forced the component property values to a limit. Table 9 shows the adjusted values for component Table 3 .
proportions for Groups I and II. The sum of component proportions averages 99.3 +-6.0%. All values correlated significantly with initial estimates except those for vermiculite (Table 10 ). The adjusted component proportions are for vermiculite (Table 10 ). The adjusted component proportions are probably more reliable than the initial ones because of their consistency with the observed chemical and physical properties, a requirement of the method of computation. The accuracy of the adjusted values, however, is dependent on that of the assigned property range. Improvement of the component proportions derived from this program awaits the procurement of more reliable values for soil clay properties.
